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Abstract 
The development of steam turbine’s blades is closely related to the computer modelling of their vibrations. In this work, 
a numeric method that (i) implements the calculation of nonlinear vibrations (ii) makes use of the cyclic symmetry of the bladed 
disk and (iii) models structural contact elements between blades is presented. The cyclic symmetry properties of the bladed disk 
are used for the calculations of its natural frequencies and mode shapes, then, these are employed in the analysis of its nonlinear 
vibrations. The contact elements reinforce the bladed disk and act as friction dampers in case of its exceeding excitation. Contact 
areas between blades are modeled via coupling elements implementing dry Coulomb friction. The method is demonstrated on 
the particular case of the bladed disk equipped with the LSB48 blades and excited by travelling-wave of two nodal diameters. 
Finally, the accuracy of the mathematical model and the concept of a contact stiffness are discussed. 
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 Nomenclature 
 ܉ǡ ܊  characteristics vectors ܝሺݐሻ displacement vector 
 ۯ෩௞ frequency response function matrix ܃ vector of displacement amplitudes 
 ۰ matrix of material damping ܃௞௖ ǡ ܃௞௦  vectors of harmonic coefficients 
 ܥ optional constant ߙ constant dependent on ߚ 
 ۲ሺ߱ሻ  frequency dependent dynamic stiffness ߚ number of nodal diameters 
  matrix of subsystem ߤ friction coefficient 
 ்݂ , ே݂ contact forces ૖෩௞  mode shape vector 
 ܎௅ǡ ܎ோ vectors of nonlinear forces ߱ basic frequency of excitation 
 ۴ vector of harmonic components  ߗ  (angular) natural frequency 
  of nonlinear forces ሺሻ௝ dependence on the ݆-th natural frequency 
 ۶ matrix dependent on the matrix ۲ ሺሻ௞ ݇-th subsystem or harmonic component 
  imaginary unit ሺሻ୏ dependence on stiffness matrix 
 ்݇ǡ ݇ே contact stiffness coefficients ሺሻ୑ dependence on mass matrix 
 ۹ stiffness matrix of subsystem ሺሻ௜  related to internal DOFs (see Fig. 2) 
 ݉ number of selected points of sector boundary ሺሻ௟  related to left DOFs (see Fig. 2) 
 ܯ number of subsystems ሺሻ௥  related to right DOFs (see Fig. 2) 
 ۻ mass matrix of subsystem ሺሻఉ

 dependence on the number  
    of nodal diameters 
 ݊ number of harmonic terms ሺሻ௟௡  related to linear DOFs 
 ܰ static preload normal force of contact ሺሻ௡௟௡  related to nonlinear DOFs 
 ݍ number of the lowest natural frequencies ሺሻ୘  matrix transpose 
 ܙሺݐሻ vector of generalized forces ሺሻୌ  the Hermitian transpose 
 ۿ vector of amplitudes of generalized forces ሺሻ෪  complex number 
 ݐ time ሼ ሽ  ሼ܉ǡ ܊ǡ ǥ ሽ ൌ ሾ܉୘ǡ ܊୘ǡ ǥ ሿ୘  
1. Introduction 
To determine the suitability of the design of dynamically loaded machine parts the knowledge of their vibration 
characteristic is essential. On the basis of those characteristics it is possible to asses, according to various criteria and 
experience, if there is a danger of exciting resonant vibration states during the machine operation. In this paper, 
the methodology and implementation of the computational method utilizing the cyclic symmetry of structures for 
the calculation of their mechanical properties are presented. The capabilities of the method are demonstrated on 
the particular case of the design of a turbine blade. 
The bladed disk studied is used in low-pressure stage 
of the steam turbine and is equipped with the LSB48 
blades (of 1220 mm length). Each blade has two integral 
structural contact elements. The first one is located at the 
tip of the blade and has the form of integral shrouding, 
the second one, located in the middle of the body of the 
blade is designed as a tie-boss connection, see Fig. 1. 
Making use of the cyclic symmetry properties of 
bladed disk allows reduction of computational resources 
required for the calculation of its vibrations. It is 
sufficient to model only one sector, i.e., one blade and a 
corresponding section of the rotor, instead of the whole 
cyclic structure. As a result, the number of degrees of 
freedom employed is reduced by the factor equal to the 
Fig. 1. Bladed disk with the LSB48 blades with integral connections. 
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number of identical sectors. The vibration analysis will be split in two cases depending on whether the macroscopic 
slip occurs at the contact areas between blades or not. 
Firstly, let us assume that there is no macroscopic slip at any of the contact surfaces. Then, the bladed disk, 
the reference sector in our case, can be treated as a linear system. Such a structure is sufficiently characterized by 
the certain number of natural frequencies and mode shapes. In Sec. 2, the procedure of how to calculate those 
properties is given. It uses the approach proposed in [1,2] and, analogously to [3], expresses the result in a form of 
complex numbers. For the subsequent analysis of nonlinear vibration of the structure it is necessary to calculate 
the natural frequencies and mode shapes of the structure with no contact between blades. The respective natural 
frequencies of the bladed disk equipped with the LSB48 blades are given. 
Secondly, in case that there is a macroscopic slip or even separation in some phase of the vibration, the 
linearization of damping via proportional damping matrix is not appropriate. Note that the contribution of structural 
damping is lower than damping due to the friction on the contact surfaces. Nevertheless, the use of cyclic symmetry 
properties can be utilized if the excitation forces exhibit the cyclic symmetry as well. In Sec. 3, the specific case of 
excitation of the bladed disk by the travelling-wave is discussed. To perform the vibration analysis, it is required to 
calculate mode shapes for each of the modes of nodal diameters up to the suitable limit, depending on the 
requirements on the accuracy of the results. Again, the applied computational method that stems from the works 
[4,5] is demonstrated on the vibration analysis of bladed disk equipped with the LSB48 blades. 
The concept of contact stiffness is discussed in Sec. 4. It is claimed that the contact stiffness is predominantly 
the property of the accuracy of mathematical approximation of the frequency response function matrix of the linear 
system with no contact between blades. 
2. Calculation of natural frequencies and mode shapes 
2.1. Natural vibration characteristics of undamped cyclically symmetric structures 
Let the cyclically symmetric system be composed of definite number ܯ  of identical parts – subsystems. 
The subsystem discretization is performed in such a way that it may be coupled in identical number ݉ of points in 
identical degrees of freedom to their left-side and right-side adjacent subsystems, see Fig. 2. By introducing 
the condition that the whole system is linear and the motion of the ݇ -th subsystem is investigated during its 
harmonic vibration it is possible to formulate displacement vector ܝ௞ሺݐሻ of the ݇-th subsystem in the form 
 ܝ௞ሺݐሻ ൌ ܃௞݁୧ఠ௧, (1) 
where ܃௞  is the vector of displacement amplitudes of 
the ݇ -th subsystem, ߱  is the angular frequency, ݐ  is the 
time and   is the imaginary unit. Vector of generalized 
forces, ܙ௞ሺݐሻ, acting on the ݇-th subsystem has the form 
 ܙ௞ሺݐሻ ൌ ۿ௞݁୧ఠ௧. (2) 
The amplitude of the subsystem displacements and 
the amplitude of the generalized forces acting on it are 
related by the following equation: 
 ۲ሺ߱ሻ܃௞ ൌ ۿ௞, (3) 
where ۲ሺ߱ሻ ൌ ۹ െ ߱ଶۻ  is the frequency dependent 
dynamic stiffness matrix identical for all subsystems 
( ݇ ൌ ͳǡ ʹǡ ǥ ǡܯ ), ۹  and ۻ  stand for the stiffness and 
the mass matrix of the subsystem. Vector of displacement 
Fig. 2. The ݇-th subsystem and its couplings with 
the adjacent subsystems. 
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amplitudes, ܃௞, of the ݇-th subsystem can be partitioned into subvectors ܃௞ ൌ ൣ ܃࢒ ௞୘ǡ ܃௞୘ǡ௜ ܃௞୘௥ ൧
୘
 (below, we write 
briefly ሼ ܃௞ ǡ ܃௞ ǡ௜ ܃௞௥௟ ሽ) corresponding to the degrees of freedom (DOFs) that (i) connect the subsystem to the one on 
the left, (ii) have no direct interaction with adjacent subsystems and (iii) connect the subsystem to the one on the 
right, respectively. Vector of the amplitudes of generalized forces ۿ௞ ൌ ሼ ۿ௞ ǡ ۿ௞ ǡ௜ ۿ௞௥௟ ሽ can be partitioned in the 
same way, see Fig. 2. In the points of coupling of the ݇-th subsystem with adjacent subsystems the compatibility 
conditions hold 
 ܃௥ ௞ିଵ ൌ ܃௟ ௞;  ܃௥ ௞ ൌ ܃௟ ௞ାଵ (4) 
and the equilibrium conditions of the generalized coupling forces impose 
 ۿ௥ ௞ିଵ ൌ െ ۿ௟ ௞;  ۿ௥ ௞ ൌ െ ۿ௟ ௞ାଵ . (5) 
Dynamic stiffness matrix, ۲ሺ߱ሻ , of the subsystem can be written using the submatrices corresponding to 
the individual groups of DOFs. When introducing the condition that the generalized forces act on the subsystem 
only in the points common with the adjacent subsystems and that they do not act on the internal points of the 
subsystem, matrix ۲, see Eq. (3), can be written in the form 
 ቎
۲௟௟ ۲௟௜ ۲௟௥
۲௜௟ ۲௜௜ ۲௜௥
۲௥௟ ۲௥௜ ۲௥௥
቏ ቎
܃௞௟
܃௞௜
܃௞௥
቏ ൌ ቎
ۿ௞௟
૙
ۿ௞௥
቏ . (6) 
The equation obtained by multiplying the first row of matrix Eq. (6) and transcribed for the subsystem ݇ ൅ ͳ is, 
after introducing the second compatibility condition, Eq. (4), and the second condition of equilibrium of 
the generalized coupling, Eq. (5), of the form 
 ۲௟௟  ܃௞௥ ൅ ۲௟௜  ܃௞ାଵ ൅ ۲௟௥  ܃௞ାଵ ൌ െ ۿ௞௥௥௜  . (7) 
Analogously, using the first compatibility condition, Eq. (4), the following relations are obtained from the second 
and the third row of matrix Eq. (6): 
 ۲௜௟  ܃௞ିଵ௥ ൅ ۲௜௜  ܃௞ ൅ ۲௜௥  ܃௞ ൌ ૙௥௜ , (8) 
 ۲௥௟  ܃௞ିଵ௥ ൅ ۲௥௜  ܃௞ ൅ ۲௥௥  ܃௞ ൌ ۿ௞௥௥௜ . (9) 
Equations (7), (8) and (9) are the initial difference equations for the calculation of the subvectors of displacement 
amplitudes, ܃௞௥  and ܃௞௜ , and the subvector of the generalized coupling force amplitudes, ۿ௞௥ . 
A suitable procedure, which can be used for derivation of relations for the calculation of natural frequencies and 
mode shapes of a periodic system, leads to the solution of the system of the second order homogeneous linear 
difference equations [6] (the variable in these equations is ݇ ; ݇ ൌ ͳǡ ʹǡ ǥ ǡܯ ). Employing this procedure the 
subvector of amplitudes of generalized coupling forces ۿ௞௥  is eliminated from difference Eqs. (7), (8) and (9) and 
subvectors of displacements amplitudes ܃௞௥  and ܃௞௜  are determined. In the process of the solution (see [1] or [2]) 
the assumption that the structure is undamped is applied and cyclic condition ܃௞ାெ ൌ ܃௞ ൌ௥ǡ௜ ൛ ܃௞ ǡ ܃௞ 
௜

௥ ൟ


௥ǡ௜  (where 
݇ ൌ ͳǡ ʹǡ ǥ ǡܯ) is used. 
After solving the matrix difference equations (see [1,2]; the course of solving complies with the conditions given 
e.g., in [6]) the vector of displacements amplitudes ܃௞௥ǡ௜  for cyclic periodic systems is dependent on optional 
parameter ߚ (for the mode shapes of the cyclically symmetric systems the parameter ߚ means the number of nodal 
diameters). Two forms of equations are obtained for the calculation of natural frequencies and mode shapes of 
the whole periodic system in dependence on the parameter ߚ value: the first form of equations holds for ߚ ൌ Ͳ and 
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in addition in case of even ܯ , ߚ ൌ ܯ ʹΤ , the second form of equations (see Eqs. (10) and (11)) holds for 
ߚ ൌ ͳǡ ʹǡ ǥ ǡ ሺܯ െ ͳሻand in case of even ܯ condition ߚ ് ܯ ʹΤ  is valid. 
When ߚ ൌ ͳǡ ʹǡ ǥ ǡ ሺܯ െ ͳሻ  and when ܯ  is even respecting condition ߚ ് ܯ ʹΤ , vector of displacement 
amplitudes  ܃௞ఉ
௥ǡ௜  can be calculated from the relation 
܃௞ఉ
௥ǡ௜ ൌ ܥଵ൫൫ ߙఉ
 ݇൯ ܉ఉ
 ൅ ൫ ߙఉ
 ݇൯ ܊ఉ
 ൯ ൅ ܥଶ൫െ൫ ߙఉ
 ݇൯ ܊ఉ
 ൅ ൫ ߙఉ
 ݇൯ ܉ఉ
 ൯ ൌ 
 ܴ݁൫ܥ݁ݔ݌ሺ ߙ݇ሻ ૖෩ࢼఉ ൯, (10) 
where ߙఉ ൌ ʹߨߚ ܯΤ , ܥଵ  and ܥଶ  are optional constants ܉ఉ  and ܊ఉ  are the characteristic vectors, ૖෩ࢼ ൌ ܉ െ  ܊ఉఉ , 
ܥ ൌ ܥଵ െ ܥଶ. The complex vector ૖෩ఉ  (for ߚ ൌ ͳǡ ʹǡ ǥ ǡܯȀʹ and when ܯ is even respecting condition ߚ ് ܯȀʹ) 
can be determined (for specifically chosen ߚ) from the eigenvalue problem 
 ۶෩ఉ ૖෩ఉ ൌ ሺ ۶෩௄ఉ െ ߗଶఉ ۶෩ெሻఉ ૖෩ఉ ൌ ૙,  (11) 
where 
۶෩ఉ
 ൌ ቈ
۲ ൅ ۲௥௥௟௟ ۲௥௜
۲௜௥ ۲௜௜
቉ ൅ ݁ି୧ ఈǤ௞ഁ
 
ቈ
۲௥௟ ૙
۲௜௟ ૙
቉ ൅ ݁୧ ఈǤ௞ഁ
 
൤ ۲
௟௥ ۲௟௜
૙ ૙
൨ . 
Matrices ۲௟௟ , ۲௥௥ , ۲௜௜  are symmetric and ۲ ൌ௜௥ ۲୘௥௜ , ۲ ൌ௥௟ ۲୘௟௥ , ۲ ൌ௜௟ ۲୘௟௜ Ǥ  Note that the same applies to 
the corresponding stiffness and mass matrixes. Then, matrices ۶෩ఉ , ۶෩୏ఉ  and ۶෩୑ఉ  are Hermitian. Consequently, 
eigenvalues ߗଶఉ  are real numbers. After the calculation of the ݍఉ  lowest eigenvalues ߗ௝ଶఉ ; ݆ ൌ ͳǡ ʹǡ ǥ ǡ ݍఉ , the 
natural frequencies of the cyclic structure are computed as ௝݂ ൌ ට ߗ௝ଶఉ ʹߨൗఉ
  ; ݆ ൌ ͳǡ ʹǡ ǥ ǡ ݍఉ . For ߚ ൌ Ͳ and in 
addition in case of even ܯ and ߚ ൌ ܯȀʹ the relations would be of a simpler form (see [1,2]). 
2.2. Natural frequencies of the bladed disk equipped with the LSB 48 blades 
The described method, as it has been already mentioned, is used for the calculation of natural frequencies and 
mode shapes of the bladed disk with the LSB48 blades connected with the integral shrouding and in the middle of 
the blade with the tie-boss connection. The bladed disk included 66 blades, see Fig. 1, its operational speed is 
3000 rpm. 
Corresponding parts of the shroud and the tie-boss are the integral parts of the blade. Blades are free at 
non-rotating bladed disk. At this structural design of the moving blades the connection of adjoining blades originates 
at certain revolutions of the bladed disk. Blades are mutually “locked” in the zone of the shroud and in the tie-boss 
zone because of the blades untwisting caused by the centrifugal forces acting at turbine rotating. The advantage of 
the structural design is that the moving blades do not include structural notches, which can be holes for continuous 
wire or pins, rivets in the common integral shrouding, etc., when the continuous binding is used. 
In order to determine the sector mass and stiffness matrixes, ۹ and ۻ , the FEM models of the blade and 
the corresponding section of the rotor was created. 
Recall that the number of blades is 66, which results in 
rotor section angle of 5.455 degree per sector. The FEM 
model of the blade is delineated in Fig. 3. 
To investigate the effect of a contact between blades 
on the vibration characteristics of the bladed disk 
rotating at 3000 rpm, the contact node pairs were 
considered a) uncoupled, free from any constraints, i.e., 
contact DOFs are treated as the internal DOFs, see 
Fig. 3. Example of finite element mesh of the blade. 
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definition of ܃௞௜ , and b) subjected to permanent stick contact, i.e., under normal operational conditions. 
It is evident from the results, see Fig. 4, that the contacts between the adjoining blades have a considerable effect 
on the values of natural frequencies of the bladed disk. The extent of the effect depends on the mode family. 
 
3. Nonlinear vibrations of bladed disk with friction contacts between blades 
3.1. Mathematical background 
If the forces acting on the bladed disk are periodic, it is reasonable to assume that the response of the excited disk 
is periodic as well. Furthermore, let the excitation be in the form of travelling-wave. Employing cylindrical 
coordinate system, the force acting in the specific point ሺݎǡ ݖǡ ߮ሻ is expressed in the form of periodic function 
ݍ ൌ ݍሺݎǡ ݖǡ ߮ േ ߱ݐሻ , here ߱  is angular frequency. In the following paragraphs, vector ܎௅ሺܝ௞ିଵǡ ܝ௞ሻ denotes 
the nonlinear interaction forces acting on the ݇-th sector due to its interaction with ሺ݇-1)-th sector, i.e. on the ݇-th 
sector from the left. Similarly, ܎ோሺܝ௞ǡ ܝ௞ାଵሻ stands for the vector of forces exerted on the ݇-th sector from the right 
by the (݇+1)-th sector. For the sake of clarity, the indexing by left sub- and superscripts introduced in the previous 
section is omitted here. Due to the cyclic symmetry the functional dependencies of vectors ܎௅  and ܎ோ  on 
displacements are the same for all sectors. Moreover, ܎௅ሺܝ௞ǡ ܝ௞ାଵሻ ൌ െ܎ோሺܝ௞ǡ ܝ௞ାଵሻ  and, for the ݇ -th sector,  
ܝ௞ሺݐሻ ൌ ܝሺݐ ൅ ሺ݇ െ ͳሻοݐሻ, here οݐ ൌ േܶ ܯΤ  and ܶ ൌ ʹߨ ߱Τ  is the period of excitation. Then, the equation of 
motion of the reference sector is 
ۻ
ଶܝሺݐሻ
ଶ
൅ ۰
ܝሺݐሻ
ݐ
൅ ۹ܝሺݐሻ ൅ ܎௅൫ܝሺݐ െ οݐሻǡ ܝሺݐሻ൯ ൅ ܎ோ൫ܝሺݐሻǡ ܝሺݐ ൅ οݐሻ൯ ൌ ܙሺݐሻ . (12) 
Vector of displacements, ሺݐሻ, being periodic in time, is approximated as a restricted Fourier series, i.e., in a form 
of multiharmonic expansion 
ܝሺݐሻ ൌ ܃଴ ൅෍ሺ܃௞௖ ሺ݇߱ݐሻ ൅ ܃௞௦ ሺ݇߱ݐሻሻ
௡
௞ୀଵ
 . (13) 
Here, ܃௞௖  and ܃௞௦  are vectors of harmonic coefficients of sector DOFs pertaining to cosine and sine components, 
respectively. ܃଴ is the vector of constant components of the displacements. Substituting Eq. (13) into Eq. (12) and 
expressing the result as complex numbers gives the equation for the vector of complex harmonic coefficients 
܃෩ ൌ ሼ܃଴ǡ ܃ଵ௖ ൅ ܃ଵ௦ǡڮ ǡ ܃௡௖ ൅ ܃௡௦ ሽ ൌ ൛܃෩଴ǡ ܃෩ଵ ǡ ڮ ǡ ܃෩௡ ൟ 
Fig. 4. Normalized natural frequencies for the system (a) without any connections and (b) with stuck connections between blades plotted in 
the interference diagrams at 3000  rpm. 
506   Josef Voldřich et al. /  Procedia Engineering  96 ( 2014 )  500 – 509 
 ۲෩ሺ߱ሻ܃෩ ൅ ۴෨൫܃෩൯ െ ۿ෩ ൌ ૙ . (14) 
The Eq. (14) is separated into ݇+1 matrix equations, each for one of the ݇ harmonics:  
 ۲෩௞ሺ߱ሻ܃෩௞ ൅ ۴෨௞൫܃෩൯ െ ۿ෩௞ ൌ ૙ ;  ݇ ൌ Ͳǡ ͳǡ ǥ ǡ ݊ , (15) 
where ۲෩௞ሺ߱ሻ ൌ ۹ ൅ ݇߱۰ െ ሺ݇߱ሻଶۻ . The equations are interdependent since all harmonic components of 
displacements, see definition of ܃෩, are the arguments of the vector of nonlinear forces ۴෨࢑൫܃෩൯. The Eq. (15) can be 
formulated as ܃෩࢑ ൅ ۯ௞ሺ۴࢑൫܃෩൯ െ ۿ෩࢑ሻ ൌ ૙ , where ۯ෩௞ ൌ ሺ۲෩࢑ሺ߱ሻሻି૚  is frequency response function matrix. 
Separating the linear and nonlinear DOFs of ܃෩࢑ as ܃෩௞ ൌ ൛܃෩௞௟௡ǡ ܃෩௞௡௟௡ൟ, allows splitting the abovementioned set of 
equations into 
 ܃෩௞௟௡ ൅ ۯ෩௞
௟௡Ȁ௡௟௡۴෨௞௡௟௡൫܃෩௡௟௡൯ െ ൫ۯ෩௞ۿ෩௞൯
௟௡
ൌ ૙௟௡, (16) 
 ܃෩௞௡௟௡ ൅ ۯ෩௞
௡௟௡Ȁ௡௟௡۴෨௞௡௟௡൫܃෩௡௟௡൯ െ ൫ۯ෩௞ۿ෩௞൯
௡௟௡
ൌ ૙௡௟௡, (17) 
because ۴෨࢑൫܃෩൯ ൌ ൛૙௟௡ǡ ۴෨௞௡௟௡൫܃෩௡௟௡൯ൟ. Here, notation ۯ෩௞ ൌ ൥
ۯ෩௞
௟௡Ȁ௟௡ ۯ෩௞
௟௡Ȁ௡௟௡
ۯ෩௞
௡௟௡Ȁ௟௡ ۯ෩௞
௡௟௡Ȁ௡௟௡൩ is used. After nonlinear Eq. (17) is 
solved, note that only nonlinear, ܃෩௞௡௟௡, DOFs are involved, Eq. (16) is used to evaluate the harmonic coefficients ܃෩࢑࢒࢔ 
pertaining to linear DOFs. The benefit of this method stems from the reduced number of DOFs that are associated 
with the nonlinear contacts and thus involved in Eq. (17). Furthermore, ۯ෩௞ can be evaluated via mode shapes, ૖෩௞ ௝, 
and natural frequencies, ߗ௞ ௝ , of the cyclic structure with all nonlinear contacts removed, i.e., with no contact 
constraints imposed on the respective “contact DOFs” 
ۯ෩௞ ൎ෍
ͳ
൫ͳ െ ݅ ߟ௞ ௝൯ ߱௞ ௝ െ ሺ݇߱ሻଶ

௤ೖ
௝ୀଵ
૖෩௞ ௝ ૖෩௞ ௝ுǤ 
Here, ߱ is excitation frequency, ߟ௞ ௥ denotes material damping coefficients,  ૖෩௞ ௝ு is the Hermitian transpose of 
the ݎ-th modal shape ૖෩௞ ௝ with ݇ nodal diameters. 
Considering the computational efficiency, the calculation of the vector of harmonic coefficients of nonlinear 
contact forces, ۴෨௞௡௟௡, from the vector of harmonic coefficients of displacements in the contact points, ܃෩௡௟௡, is of 
significant importance. Here, an analytical model of dry Coulomb friction was applied [4]. The formulas for 
the evaluation of tangential contact force, ்݂ , and normal contact force, ே݂, are given in Table 1. Here, ݔ and ݕ are 
the relative displacements of nodes of nonlinear contact in the tangential and the normal directions, respectively. 
The coefficient of friction is denoted as ߤ, ܰ is the magnitude of normal preloading force of the contact, ்݇ and ݇ே 
are contact stiffnesses. Subscript “0”, see ்݂ ଴  and ݔ଴ , denotes the magnitude of the respective quantity in the 
moment of the stick-slip transition of the contact. 
 Table 1. Nonlinear interaction forces. 
 Stick Slip Separation 
Tangential force, ்݂  ்݂ ଴ ൅ ்݇ሺݔ െ ݔ଴ሻ ሺݔሶ ሻߤ ே݂ 0 
Normal force, ே݂  ܰ ൅ ݇ேݕ ܰ ൅ ݇ேݕ 0 
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3.2. The analysis of nonlinear vibrations of the structure excited by travelling-wave, an example 
In this section, the excitation of the bladed disk by harmonic travelling-wave with two nodal diameters is studied. 
As indicated, the travelling-wave is of the form ܙሺݐሻ ൌ ۿଶሺሺʹ߱ݐሻ ൅ ሺʹ߱ݐሻሻ , here, ߱  is the excitation 
frequency. Based on the results of the FEM simulations and the experimental measurements, the normal 
frequency, ߱ଵୡଶ , of mode shape with two nodal diameters in case that blade contacts are stuck is in the range 
125-130 Hz [7]. Thus, the dependency of the response of the bladed disk on the value of the excitation frequency is 
investigated over the range 55-70 Hz since ߱ଵୡଶ  is within the 2߱  interval. For the sake of clarity, throughout 
the following text, the double the excitation frequency, i.e., ʹ߱ is considered excitation frequency. 
The magnitude of the excitation forces is set to a value that would induce the vibration of the tip of the blade of 
the maximum value of 15.4 mm in case that the (i) material damping is 0.3 % and (ii) there is no macroscopic slip at 
the contact surfaces between blades, i.e., the blade vibrates in the linear regime, see Sec. 2.1. The respective strain 
amplitude would exceed the value of 500 MPa locally and it would result in unwanted fatigue damage of the blade. 
To prevent this, the suitable design of integral structural damping elements is needed. 
One of the characteristics of the design of the contact elements is the magnitude of the normal preloading force, 
ܰ, acting on the contact surface. Regarding the implementation of the model of the contact, each of the two contact 
surfaces, i.e., the shroud and the tie-boss contact, is modeled via one nonlinear friction element, see Table 1. In 
Fig. 5, the magnitudes of the vibrations of the blade contact nodes are plotted as a functions of exciting frequency, 
ʹ߱, for nominal value of ߤܰ and three other multiples of ߤܰ. The results of calculations employing four (݊ ൌ Ͷ, 
dashed lines) and eight (݊ ൌ ͺ, full lines) harmonic components are presented, see definition of ܝሺݐሻ in Eq. (13). To 
acquire more precise results via making use of higher number of harmonic components, the computationally 
demanding computation of the respective natural modes of the structure with no contact between blades is needed. 
Specifically, the utilization of eight harmonic components involves the calculation of normal modes with up to eight 
nodal diameters. 
To visualize the differences of the results of calculation utilizing four and eight harmonic components used, 
the waveforms of tangential forces, ்݂ , relative displacements, ݔ , and hysteresis (dissipation) loops ݔ െ ்݂  in 
the contact nodes over one vibration period are given in Fig. 6. The respective excitation frequency, ʹ߱, is 126.5 Hz 
and the normal preloading force was set to its nominal value, ߤܰ. Under these conditions, there is no macroscopic 
slip in the tie-boss contact, only shroud contact nodes on the blade tip exhibit a macroscopic slip. As clearly seen in 
Fig. 5, the approximation of the displacements using eight harmonic components gives a markedly inharmonic 
motion of the bladed disk. 
Fig. 5. Maximum displacements of vibrations of nodes of (a) the shroud and (b) the tie-boss contact for several values of the shroud contact 
force, ߤܰ: nominal value ߤܰ – black, ʹߤܰ – blue, ߤܰȀʹ – violet, red – ߤܰȀͶ and “stuck” – green contacts with no slip. The number of 
components of harmonic expansion was eight – full line and four – dashed line, see n in Eq. (13). 
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The vibration analysis of the same bladed disk was performed employing 21 nonlinear friction contact elements 
per contact. Each element was assigned preloading normal force the value of which was in accord with the 
distribution of normal force acting on the surface when the unexcited rotating motion (3000 rpm) was simulated, see 
the blade untwist discussed in Sec. 2.2. It can be stated that the displacement magnitudes of the vibrations are 
practically the same as presented for the case of one element per contact. Thus, from the perspective of the design on 
integral contact elements, the use of the reduced number of nonlinear friction elements in the model is reasonable. 
4. Contact stiffness 
Consider parameters ்݇  and ݇ே  employed in the model of nonlinear friction elements, see Table 1, called 
“contact stiffness” [4,5]. They are often perceived as physical attributes of the contacts. This interpretation is 
misleading in our case [8]. Stiffness and its inverse, mechanical compliance, are defined as the ratio of forces acting 
on the nodes of the model and the respective strains. From that perspective, the contact stiffness should capture the 
tribological properties of the contact surfaces, e.g., surface roughness, since it is practically impossible to use the 
required number of relatively small elements to simulate the surface behavior correctly. Respective values of 
mechanical compliance are relatively small and computed resonant frequencies of the bladed disk with stuck 
contacts between blades, are significantly higher than the ones measured on the real structure. Such a deviation from 
the real disk properties stems from the high stiffness of the model of the blade because the frequency response 
function matrixes, ۯ෩௞, of the system with no contacts between blades are computed using a limited number, ݍ௞, of 
mode shapes. 
It is possible to adapt the values of ்݇  and ݇ே  in order to fit some of the lowest resonant frequencies of 
the computational model since those frequencies are crucial for the model’s accuracy. Now, the fitted parameters do 
Fig. 6. Shroud contact nodes: (a) relative displacements, (b) tangential force, fT, and (c) hysteresis loop, x – fT .The number of components of 
harmonic expansion was eight – full line and four – dashed line, see n in Eq. (13). 
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not capture only tribological properties of the contact but also compensate for the higher stiffness of the 
mathematical approximation used. Specifically, setting parameters of the shroud contact to ்݇ǡ ݇ே ൎ ʹǤͲ ൈ ͳͲହ 
N/mm and of the tie-boss contact to ்݇ǡ ݇ே ൎ ʹǤͷ ൈ ͳͲହ  N/mm gives the average deviation of the resonant 
frequencies of the model 1.9 % for the first five mode shapes with two nodal diameters. Here, the results of the full 
FEM model of the bladed disk with contact surfaces stuck was taken as a reference, see Fig. 4(b) in Sec. 2. 
5. Conclusion 
The paper concerns the use of cyclic symmetry properties for the vibration analysis of the steam turbine bladed 
disk. The investigated disk was equipped with the LSB48 blades with two integral structural contact elements, 
the first one is located at the tip of the blade and has the form of integral shrouding, the second one, located in 
the middle of the body of the blade is designed as a tie-boss connection. Under the normal operational conditions, 
these elements mediate the contact between blades. 
A brief description of the mathematical procedure employed to calculate natural frequencies and mode shapes of 
cyclically symmetric structures is given in Sec. 2. These properties satisfactorily characterize the bladed disk as 
a linear system in case that the magnitude of excitation forces is low and there is no macroscopic slip at the contact 
surfaces between blades. The contact forces acting on the “slipped” contacting surfaces cause the significant 
increase in the stiffness of the bladed disk and, thus, the change of its natural frequencies when compared to the 
hypothetical case of unconstrained movement contact surface elements, see Sec. 2.2. 
Then, the analysis of strongly nonlinear vibrations is presented together with the used mathematical apparatus, 
see Sec. 3. Here, the multiharmonic approximation is utilized and the vibrations are analyzed in the frequency 
domain making use of the analytical formulation of the friction contact [4]. The implementation of the method is 
presented for the case of a bladed disk excited by the harmonic travelling-wave of two nodal diameters. It is 
demonstrated that the energy of the vibrations is effectively dissipated due to the slipping taking place on the 
contacts surfaces and, consequently, the vibration amplitude is reduced more than ten times. 
The concept of contact stiffness is discussed in Sec. 4. Due to the nature of the mathematical procedure used to 
calculate the frequency response function matrix of the system, the contact stiffness is not solely the property of 
the physical contact between blades. It can also compensate for the inaccuracy of the mathematical approximation of 
the disk sector. Consequently, the values of contact stiffness should be modified to fit the calculated resonant 
frequencies with the measured resonant frequencies. 
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